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Electronic engineering is showing a deﬁnite trend towards diﬀerential circuits. However, most measurement instruments
are single-ended. Consequently, engineering graduates often lack the skills to perform correct diﬀerential measurements.
This paper describes the theoretical background, development and limitations of three experiments that help students
to gain insight into diﬀerential measurements and the origin and consequences of a low common-mode rejection ratio.
The experiments require only common equipment and suit both electrical and non-electrical engineering students.
 2006 Elsevier Ltd. All rights reserved.
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Diﬀerential circuits are increasingly common in
both analog and digital electronics. Gone are the
days when circuit designers would convert diﬀeren-
tial signals to single-ended signals at the very early
stages of the measurement chain in order to further
process them.Nowadays, because of the reduced cost
of integrated circuits, diﬀerential circuits are not sig-
niﬁcantly more expensive than their single-ended
counterparts. They also have interference–rejection
capabilities and an increased linear dynamic range.
This makes them very attractive for new designs. In
fact, several commercial analog-to-digital converters0263-2241/$ - see front matter  2006 Elsevier Ltd. All rights reserved
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jocp@eel.upc.edu (O. Casas).(low-voltage models in particular), other analog sig-
nal processors and digital interface circuits have a
diﬀerential input. However, measuring instruments,
and oscilloscopes in particular, are mostly intended
for single-ended measurements. As a result, many
engineering graduates lack opportunities to acquire
skills in diﬀerential measurements, in contrast with
the availability of resources for simulating and
designing diﬀerential circuits, either integrated [1]
or based on discrete ICs [2].
This paper describes the theoretical background
and three experiments that enable students to
(1) Understand the origin of the common-mode
gain in diﬀerential circuits.
(2) Analyse the common-mode rejection ratio
(CMRR) for cascaded diﬀerential stages.
(3) Realize that the CMRR is a complex quantity,
not just a ﬁgure..
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Fig. 1. Diﬀerential ampliﬁer built from two single-ended ampli-
ﬁers (for example, two channels of an oscilloscope that can
display the diﬀerence between both channels’ voltages).
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and performing the experiments and in analysing
the results. The only materials needed are a com-
mon analog oscilloscope, two voltage probes and
a sinusoidal voltage generator. The experiments
are designed for senior undergraduate and graduate
students in electrical engineering and graduate stu-
dents in non-electrical engineering.
2. Theoretical background and experiment planning
According to Geddes [3], the diﬀerential ampliﬁer
was ﬁrst used in the life sciences in around 1934. It
was based on vacuum tubes, of course, and became
quite popular because of its ability to reject power-
line interference. Economy of components dictated
that only the ﬁrst stage should be diﬀerential. Cir-
cuit diagrams proposed by diﬀerent researchers for
biopotential recordings included some means of
adjusting the gain of each input tube in order to
make them equal, thus achieving a high CMRR.
These circuits were based on push–pull ampliﬁers,
which originated in 1929 in radio engineering as a
means of increasing ampliﬁer output power. Push–
pull ampliﬁers were termed balanced or symmetrical
ampliﬁers in the literature, but when the gain of the
two ampliﬁers was very close (e.g., they diﬀered by
less than 1 part in 500), they were called diﬀerential
ampliﬁers.
Diﬀerential ampliﬁers played a signiﬁcant role as
the basis for vacuum-tube-based operational ampli-
ﬁers (op amps). This easily blurred their origin in
the measurements ﬁeld. Therefore, when transistors
became available and the ﬁrst textbooks were writ-
ten, the teaching of diﬀerential circuits was based
on the analysis of the emitter-coupled diﬀerential
ampliﬁer and related circuits (showing the formulas
for the diﬀerential and common-mode gain) and the
decomposition of the input voltage in diﬀerential
and common-mode components [4]. Recent papers
on CMOS design use the same approach [5]. How-
ever, a feasible alternative approach does not
require transistor circuit analysis, so it may also
interest non-electrical engineers.
Fig. 1 shows a diﬀerential circuit built from two
single-ended ampliﬁers whose respective gains are
GA and GB.
Their respective output voltages can be obtained
from
V AðjxÞ ¼ GAðjxÞV HðjxÞ
V BðjxÞ ¼ GBðjxÞV LðjxÞ

ð1Þand, writing the input voltages as a function of their
diﬀerential and common-mode components,
vD ¼ vH  vL
vC ¼ vHþvL2

ð2Þ
yields
V AðjxÞ ¼ GAðjxÞ V DðjxÞ2 þ GAV CðjxÞ
V BðjxÞ ¼ GBðjxÞ V DðjxÞ2 þ GBV CðjxÞ
)
ð3Þ
Thus, the diﬀerential and common-mode output
voltages are, respectively,
V A  V B ¼ GAþGB2 V D þ ðGA  GBÞV C
¼ GDDV D þ GDCV C
V AþV B
2
¼ GAGB
4
V D þ GAþGB2 V C
¼ GCDV D þ GCCV C
9>>=
>>;
ð4Þ
where the frequency dependence has been obviated
for the sake of simplicity and the deﬁnition of each
of the four gains is implicit in the equations.
Therefore, the diﬀerential output signal is a result
of both the diﬀerential and the common-mode input
signal (GDD,GDC). The same is true for the com-
mon-mode output signal (GCD,GCC), but usually
the ensuing stage is also diﬀerential and therefore
designers are most concerned about the contribu-
tion of the common-mode input to the diﬀerential
output. For the particular circuit in Fig. 1, GDD =
GCC. For a diﬀerential ampliﬁer with single-ended
output, GDD = GD (diﬀerential gain) and GDC = GC
(common-mode gain). The CMRR is deﬁned as
CMRR ¼ GDD
GDC
¼ 1
2
GA þ GB
GA  GB ¼
G
DG
ð5Þ
The GDD/GCC ratio is called the discrimination fac-
tor (D in [2], F in [6]), but some authors call it the
common-mode rejection ratio q [7]. Here we prefer
the CMRR deﬁnition based on Eq. (5) because it
CSB
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Fig. 2. (a) Equivalent circuit for the two AC-coupled vertical
channels of an oscilloscope, and (b) their block diagram.
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single-ended output.
This straightforward approach to diﬀerential cir-
cuit analysis shows that the common-mode gain
arises from the mismatch between the two ampliﬁers.
This can easily be veriﬁed through Experiment 1:
Step 1: Apply the same sinusoidal voltage to both
vertical channels (A,B) of an oscilloscope
using DC coupling and the same positions
for the vertical channel attenuators.
Step 2: Superimpose both traces and, if necessary,
use the gain/attenuator vernier to achieve
good trace coincidence on the screen.
Step 3: Display A–B and calculate the CMRR at
very low, low, medium and high frequencies
and some intermediate frequencies (e.g.,
10 Hz, 100 Hz, 1 kHz, 10 kHz, 100 kHz
and 1 MHz).
Step 4: Repeat this procedure with the vertical
attenuators at ‘‘calibrated’’ settings and
compare the results.
The phenomenon of channel mismatch resulting
in a low CMRR can be further tested by using the
AC-coupling feature of the oscilloscope. Oscillo-
scopes provide AC coupling by connecting a series
DC-blocking capacitor to the front of the calibrated
attenuator, whose equivalent impedance is 1 MX,
shunted by 15–45 pF. Fig. 2 shows the equivalent
circuit, where the respective transfer functions for
each input high-pass ﬁlter are HA(jx) and HB(jx).
By using the results in (4) and (5), we obtain
V A  V B ¼ HAGA þ HBGB
2
V D
þ ðHAGA  HBGBÞV C ð6Þ
CMRR ¼ 1
2
HAGA þ HBGB
HAGA  HBGB ð7Þ
By deﬁning the average of and diﬀerence between
the transfer functions of the respective input ﬁlters
for each channel, as follows:
H ¼ HAþHB
2
DH ¼ HA  HB
)
ð8Þ
and by replacing HA and HB in (7), we have
1
CMRR
¼ 2HðGA  GBÞ þ DHðGA þ GBÞ
HðGA þ GBÞ þ DH2 ðGA  GBÞ
ﬃ DG
G
þ DH
H
¼ 1
CMRRG
þ 1
CMRRH
ð9Þwhere the approximation holds whenever DH(GA 
GB)/2 H(GA + GB), that is, when 4 · CMRRG ·
CMRRH 1, which is often the case.
Eq. (9) shows that the imbalance of both the
input ﬁlters (H) and the attenuators/ampliﬁers (G)
degrades the overall CMRR. In the absence of CA
and CB, CMRRH would be ﬁnite only at frequencies
relatively close to the respective corner frequency of
each high-pass ﬁlter. CA and CB, however, degrade
CMRRH at high frequencies. Experiment 2 illus-
trates some of these eﬀects:
Step 1: Start from Step 2 in Experiment 1 and
switch both oscilloscope channels to AC
coupling.
Step 2: Display A–B and calculate the CMRR at
very low, low, medium and high frequencies
and some intermediate frequencies (e.g.,
10 Hz, 100 Hz, 1 kHz, 10 kHz, 100 kHz
and 1 MHz). The minimal frequency should
be close to the corner frequency of the AC-
coupling circuit.
Step 3: Compare CMRR to CMRRG (measured in
Experiment 1).
Step 4: With the 1 kHz sinusoidal voltage applied
to both channels, try to reduce the trace
amplitude by adjusting the gain/attenuator
vernier.
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the CMRR would be inﬁnite. Because the CMRR is
a complex quantity (the ratio between two fre-
quency-dependent gains), this condition cannot be
achieved for all frequencies. Moreover, the compo-
nent values in Fig. 2(a) cannot be modiﬁed, so
CMRRH is determined by component tolerances
and trimming is impossible. This shows the impor-
tance of the balance between the two channels in a
diﬀerential circuit built from two separate single-
ended circuits.
To illustrate the eﬀects of unbalanced circuits
and show that they can arise even when good design
practices are applied for single-ended circuits, con-
sider voltage probes with a 10:1 voltage attenuation
ratio. Fig. 3 shows the equivalent circuit for each
voltage probe connected to a DC-coupled oscillo-
scope channel at frequencies low enough to elimi-
nate stray inductances.
Alternatively, the adjustable capacitor can be
placed in parallel with the input oscilloscope capaci-
tance, but the objective and ﬁnal results are the same:
the capacitor is adjusted until RACA = RPACPA =
sA. When the probe has been properly compensated,
all frequencies undergo the same attenuation and we
have
HA ¼ ZAZA þ ZPA ¼
RA
RA þ RPA ¼ kA ð10aÞ
Similarly, when the probe of channel B is
compensated,
HB ¼ ZBZB þ ZPB ¼
RB
RB þ RPB ¼ kB ð10bÞ
The equivalent input impedance for each signal chan-
nel, including a compensated voltage probe, is then
ZCA ¼ 1jxCAI þ
RA þ RPA
1þ jxRACA ð11aÞv
A
v
B
v
L
G
B
R
A
C
B
GA
R
B
v
H
C
PA
R
PA
C
PB
R
PB
C
A
C
AI
C
BI
Fig. 3. Simpliﬁed model of two oscilloscope voltage probes
connected to the vertical channels of an oscilloscope.ZCB ¼ 1jxCBI þ
RB þ RPB
1þ jxRBCB ð11bÞ
where CAI and CBI are the respective stray capaci-
tances of each probe tip (<1 pF), which cannot be
compensated by the adjustable capacitor. Each in-
put signal undergoes the attenuation-ampliﬁcation
process shown in Fig. 4. The resulting voltages are
V A ¼ V H ZCAZHO þ ZCA kAGA
V B ¼ V L ZCBZLO þ ZCB kBGB
9>=
>; ð12Þ
If the same voltage source is applied to both volt-
age probes, their outputs may be diﬀerent because
of their diﬀerent input impedance, voltage attenua-
tion (k) or oscilloscope gain (G). Therefore, these
are the three factors that can degrade the overall
CMRR.
Experiment 3 assesses the importance of kA5 kB
and highlights that voltage probe compensation
cannot ensure good diﬀerential measurements:
Step 1: Use the ‘‘calibration’’ signal from the oscil-
loscope to compensate each of two voltage
probes. (Common oscilloscopes have a
square voltage of 1 kHz.)
Step 2: Apply the same sinusoidal voltage to both
vertical channels (A,B) of the oscilloscope
using DC coupling, the same vertical atten-
uator positions and the two compensated
voltage probes.
Step 3: Superimpose the two traces and, if necessary,
use the gain/attenuator vernier to achieve
good trace coincidence on the screen.GAHA vA
GBHB vB
vH
Z
HO
ZCA
vL
Z
LO
ZCB
Fig. 4. Model of the signal source, voltage probe and oscillo-
scope system.
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very low, low, medium and high frequencies
(e.g., 10 Hz, 100 Hz, 10 kHz and 1 MHz).
Step 5: Repeat the procedure at 1 kHz, but
‘‘adjust’’ one of the voltage probes again
until an output of zero is obtained (i.e., a
horizontal trace on the screen).3. Experiments and discussion
We performed the three experiments described
above using the following equipment and materials:
(1) OD-512 analog oscilloscope (20 MHz, ZA, ZB:
1 MXk25 pF, low cost), manufactured by Pro-
max Electro´nica (L’Hospitalet de Llobregat,
Spain).
(2) RG58 coaxial cable (1.5 m).
(3) HZ-36 voltage probes, manufactured by
Hameg (Frankfurt, Germany). These probes
have a switch that allows them to be used as
1:1 or 10:1 attenuators (10 MHz/100 MHz
bandwidth).
(3) GF-232 pulse/function generator (2 MHz,
50 X, single-ended, ground-referred output),
manufactured by Promax Electro´nica.
One end of the coaxial cable was connected to the
output of the function generator and the other end
was connected to the two voltage probes.
Experiment 1:
Step 1: We applied a 1 kHz, 20 V peak-to-peak
sinusoidal voltage to both vertical channels
(A,B) of the oscilloscope using the voltage
probes in the 1:1 position. The oscilloscope
was DC-coupled and both vertical attenua-
tors were at 5 V/div.
Step 2: When the two signals were superimposed,
their traces on the screen coincided. There
was no need to adjust the vernier control.
Step 3: We switched to A–B display mode, which
yielded an almost horizontal trace (meaning
0 V). However, by switching each vertical
attenuator to 1 V/div, we obtained a sine
wave with a peak-to-peak amplitude of
about 0.2 V. By switching the vertical atten-
uators to more sensitive positions, we
obtained a distorted signal. Hence, back in
the 1 V/div position, we obtained jCMRR
(1 kHz)j = 40 dB. The ﬁrst row of Table 1
shows the results at other frequencies.Because of the lack of memory (or persis-
tence), measurements below 50 Hz were
impractical. The measurement resolution
was about 0.2 V/10 = 0.02 V. Therefore,
for a 20 V input, measurements by a diﬀer-
ent person may give CMRR results that dif-
fer by about 1 dB [20 lg (20/0.2) vs. 20 lg
(20/0.18)].
Step 4: Using the vernier control of both channels,
we reduced the displayed 0.2 V signal to
an amplitude below the resolution at
100 Hz, 1 kHz and 10 kHz. At 100 kHz
and 1 MHz, we were able to reduce the
amplitude, but not as much. We discerned
the minimal output voltage by noticing that,
when one of the gains was continuously
adjusted, a phase inversion in the signal
was displayed. The minimal voltage was
obtained before the phase inversion started.
Fast sweep rates were better than slow
sweep rates for perceiving small amplitudes;
the visual resolution was improved by dis-
playing a minimum of ten cycles. For
100 Hz, 1 kHz and 10 kHz, the knob posi-
tions that yielded the minimal output were
approximately the same. To obtain a mini-
mal output at 100 kHz and 1 MHz, one
of the vernier knobs had to be readjusted.
The signal displayed was very sensitive to
the knob settings and the resolution of the
potentiometer reduced the repeatability of
the results.
The results in Step 2 mean that GA = GB when
measured with the available resolution in the 5 V/
div attenuator position, which can be estimated as
one tenth of a division (width of the trace on the
screen), that is, 0.5 V. Step 3, however, shows that:
(1) by improving the resolution to 0.1 V, we were
able to detect the diﬀerence between GA and GB,
and (2) the improvement in resolution was limited
by output distortion due to the common-mode volt-
age (the voltage applied to both channels), even if
the diﬀerential signal (diﬀerence signal for the
deﬂection ampliﬁers) was quite small. As a result,
the maximum CMRR that we were able to measure
with this oscilloscope was limited to 20 V/0.1 V=
46 dB, which was certainly quite small. The ﬁrst
row of Table 1 shows that the dissimilarity between
the two vertical attenuators of the oscilloscope
remained constant up to at least 1 MHz. In order
to test what happens near 20 MHz, we needed a
Table 1
Sample of CMRR measurements obtained with a low-cost analog oscilloscope in diﬀerent measurement conditions
CMRR (dB) Setup Freq.
100 Hz 1 kHz 10 kHz 100 kHz 1 MHz
Experiment 1 DC coupling 40 40 40 40 40
Experiment 2 AC coupling 40 40 40 40 40
AC–DC coupling 28 40 40 40 40
Experiment 3 Voltage probes 40 40 40 40 34
R. Palla`s-Areny, O. Casas / Measurement 40 (2007) 8–14 13function generator with higher output frequency.
Step 4 shows that adjusting GA and GB until
GA = GB improved the CMRR, as expected from
(5). However, at high frequencies, where the phase
shift of each ampliﬁer becomes large, we were
unable to achieve the condition GA = GB.
Experiment 2:
Step 1: Starting from Step 2 in Experiment 1, we
switched both oscilloscope channels to AC
coupling.
Step 2: When displaying A–B, the CMRR was in
the second row in Table 1. According to
the manufacturer, the corner frequency of
the AC-coupling ﬁlter was below 10 Hz,
but very slow signals could not be appropri-
ately displayed with this oscilloscope.
Step 3: At 100 Hz, the CMRR did not change
because of the AC-coupling ﬁlters. This
means that the corner frequency of the ﬁlters
was under 100 Hz. The low measurement
resolution prevented us from perceiving the
eﬀect of diﬀerent corner frequencies for each
channel. However, the third row in Table 1
shows the eﬀect of switching one channel
to DC. The CMRR dropped to just 28 dB
at 100 Hz, as expected from (9).
Step 4: With a sinusoidal voltage of 1 kHz applied
to both channels, we adjusted the gain/
attenuator vernier until the diﬀerential
output was close to 0 V. We also obtained
an output close to 0 V at 100 Hz and
10 kHz and a minimal output at 100 kHz
and 1 MHz. However, the vernier knobs
had to be readjusted for the higher
frequencies.
Experiment 3:
Step 1: With both voltage probes set at 10:1 attenu-
ation, we separately compensated each
probe using the square voltage of 1 kHz
from the oscilloscope.Step 2: We applied a 20 V peak-to-peak sine volt-
age to both DC-coupled vertical channels,
which were set at the 0.5 V/div position
(because the actual voltage at the input of
each vertical channel was 2 V).
Step 3: We superimposed the two traces and the
signals coincided. Therefore, the attenua-
tion of each probe was the same as if it were
assessed with a 0.5 V resolution.
Step 4: We switched both vertical attenuators to
0.1 V/div and displayed A–B. This yielded
20 mV from 100 Hz to 100 kHz and 40 mV
at 1 MHz. Row four of Table 1 shows the
CMRR calculated. Because ZCA, ZCB
50 X, the reduced CMRR was probably a
result of kA5 kB.
Step 5: By readjusting one of the voltage probes, we
were able to obtain a minimal voltage at
1 kHz. We displayed the calibration signal
using the readjusted probe, which revealed
that the probe was no longer compensated.
This explains why voltage probes for diﬀer-
ential measurements have two adjustments:
one to compensate each probe separately
and another to achieve kA = kB. For voltage
probes with a single adjustment, a slight
variation in k has a slight eﬀect on the com-
pensation but a strong eﬀect on the CMRR.4. Summary
Diﬀerential measurements performed with single-
ended instruments whose outputs are subtracted
require balanced channels. In common single-ended
oscilloscopes, channel matching can easily be worse
than 1 in 100, which limits the CMRR to about
40 dB. Voltage probes do not improve diﬀerential
measurements. In fact, they may reduce the overall
CMRR. AC coupling can also contribute to channel
mismatch. Overall, the low CMRR of single-ended
oscilloscopes limits them greatly for diﬀerential
measurements, such as AC-bridge output detection.
14 R. Palla`s-Areny, O. Casas / Measurement 40 (2007) 8–14The closeness of the results in Table 1 depends on
the particular oscilloscope used. Here, very low-cost
instruments were used in order to show that the
experiments do not require any special equipment.
However, in some teaching environments, this close-
ness may reduce student interest in the experiments.
As an alternative, in Experiment 3, a 1 kX resistor
can be placed in series with the output of the func-
tion generator in order to increase the eﬀect of the
low input impedance. Under- or over-compensating
one of the voltage divider probes would also worsen
the CMRR. Advanced students may also ﬁnd it
instructive to derive the expression for the overall
CMRR of the voltage-probe-oscilloscope system
from (12).
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